A conceptually simple model for strongly interacting compact U(1) lattice gauge theory is expressed as operators acting on qubits. The number of independent gauge links is reduced to its minimum through the use of Gauss's law. The model can be implemented with any number of qubits per gauge link, and a choice as small as two is shown to be useful. Real-time propagation and real-time collisions are observed on lattices in two spatial dimensions. The extension to three spatial dimensions is also developed, and a first look at 3-dimensional real-time dynamics is presented. * This is the written version of a presentation given at Lattice for Beyond the Standard Model Physics,
I. MOTIVATION
Numerical simulations of lattice gauge theory started about 40 years ago [1] . During this time, lattice gauge theory has become the central tool for first-principles studies of nonperturbative quantum chromodynamics (QCD), and therefore it plays a vital role in the field of particle physics [2] . Lattice gauge theory is also being applied vigorously to theories beyond QCD [3] . For QCD and beyond, the standard approach has been Monte Carlo calculations in Euclidean spacetime, which do not provide access to real-time dynamics.
Avoiding this Monte Carlo approach is difficult because the required Hilbert space is usually far larger than any classical computer can hope to manage [4] .
The availability of a practical quantum computer would offer a different approach to lattice gauge theory. Calculations could be performed for real time, allowing access to the dynamics that are inaccessible to classical computers. Doubling the size of the Hilbert space would only require the addition of a single qubit. Recent studies have explored various questions related to the quantum computation of lattice gauge theories [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] .
This paper describes a qubit model for the simplest lattice gauge theory: compact U (1) in the absence of charged particles. Recall that compactness ensures that this theory is not a trivial theory of free photons, but has a strong coupling region where the theory has confinement and particles akin to glueballs [24] [25] [26] [27] [28] [29] [30] [31] . Our model is meant to represent compact U(1) in the strong coupling region. The model is obtained by first writing the Hamiltonian in terms of a minimal set of independent gauge links in a manner that maintains Gauss's law explicitly, then choosing a particular set of basis states so the Hamiltonian is expressed in terms of Pauli operators that would act on a register of qubits, and then truncating that basis set to a particular subset. Through direct calculations, the truncation error is observed to be small and manageable.
Section II describes the model on the smallest lattice: a single plaquette (four sites in the shape of a square). Section III uses the model on a 1-dimensional row of plaquettes to show the dynamics of excitations. We find that real-time propagation and real-time collisions can be observed quite readily in this model. Section IV applies the model to a 2-dimensional lattice of plaquettes. Section V explains a new issue that arises when extending the model to 3-dimensional lattices, and how it can be handled. A brief conclusion is given in Section VI. All of the calculations for this work were performed using simulators running on classical computers.
II. THE MODEL ON ONE PLAQUETTE
The Euclidean lattice action for U(1) gauge theory is well known [32] . For any hypercubic lattice, it is a sum over all plaquettes,
where β = 1/g 2 and θ µ (n) = agA µ (n), with g the bare gauge coupling and A µ (n) the vector potential. Choosing the temporal gauge (meaning A t (n) = 0) allows the continuum limit to be taken in the temporal direction, and brings us to the Hamiltonian for compact U (1) gauge theory:
where E = ∂ t A is the electric field. The conjugate momentum for the angle θ (because it is a kind of angular momentum, let's name it L) is proportional to E, and obeys the canonical commutation relation,
This implies that link variables, U j = e iθ j , are ladder operators because they obey the corresponding commutation relations,
Following [7] , we can define a state |0 by
and then identify a sequence of states with integer eigenvalues,
where = . . . , −2, −1, 0, 1, 2, . . . The Hamiltonian can now be written as
Let's rescale energies by dropping the overall factor of (2aβ) −1 from now on. Having arrived at a convenient form for the Hamiltonian of compact U(1) lattice gauge theory, we now apply it to the smallest possible lattice.
Consider a 2×2 lattice with Dirichlet boundary conditions. This lattice has four sites, four gauge links and only one plaquette so
Because there are no charges in a pure gauge theory, Gauss's law ensures that electric flux is conserved at every lattice site so L 2 i is the same for all four links. Moreover, a local gauge transformation at any lattice site allows one adjoining link to be rotated to the identity, and this can be done at three sites on our lattice, leaving a minimal Hamiltonian:
where L ± are the ladder operators. Evaluating the Hamiltonian in the basis of electric field eigenstates and truncating to −4 ≤ ≤ 4 yields the Hamiltonian matrix 
Because the on-diagonal entries grow quadratically while the off-diagonals remain constant as we approach the corners of the matrix, truncation has a small effect on the lowest eigenvalues at strong coupling (i.e. small β 2 ). To be specific, in Fig. 1 it was necessary to truncate to a 4×4 Hamiltonian in order to display a visible deviation, and even then the ground state deviation is barely seen. Notice that the 4×4 case corresponds to non-symmetric limits because = −1, 0, 1, 2. 
To run someday on a quantum computer (and today on a classical simulator), the states have to be mapped to qubits, and operators have to be expressed as products of Pauli operators acting on those qubits. A proof of principle was provided in [7] though the authors acknowledged that it was a qubit-inefficient implementation. A more efficient alternative here will be used here.
An optimal description of the = −1, 0, 1, 2 truncation needs only two qubits. Including a third qubit doubles the number of basis states. Our mapping conventions for those two cases are displayed in Tab. I. The operators that appear in the Hamiltonian, Eq. (12), can be written as follows:
where σ i acts on the ith qubit in the register. All terms containing σ 2 can simply be omitted for the case of a two-qubit register. Conversely, an extension to a register with more than three qubits is straightforward though unnecessary for our purposes.
Translating from the qubit ladder operators σ ± to standard Pauli operators, the two-qubit
Hamiltonian is
The time evolution operator in a quantum theory is e −iHt which requires exponentiating the Hamiltonian. The second-order Suzuki-Trotter formula [33] ,
is used to rewrite the time evolution, which is due to sums of non-commuting terms in the Hamiltonian, into products of unitary operators. High level quantum computer programming languages being developed today provide for exponentiated operators such as e iσ j t for j = x, y, z .
As an explicit example of time evolution, choose β 2 = 1 and begin with an initial state (at t = 0) that is equally weighted between the ground and first excited states,
As shown in Fig. 2 , the probability of remaining in the initial state oscillates between zero and unity. Several oscillations pass before a distinction is noticed between the calculations with two-qubit and three-qubit registers.
For a final calculation on the one-plaquette lattice, we solve for the ground state eigenvalue and eigenstate. Of course these can be found easily by matrix diagonalization (recall Eq. (13) and Fig. 1 ), but now an implementation of the variational principle for a quantum computer [34] will be used. To begin, write the two-qubit Hamiltonian's expectation value as a function 
The quantum computer can be repeatedly prepared in state |ψ , and then measurements of the appropriate spin states will determine the probabilities in Eqs. (22) (23) (24) (25) . Those, in turn,
give the Hamiltonian's expectation value.
For a simple trial state, we anticipate that the ground state will be dominated by = 0, that it will have essentially equal contributions from = ±1, and that it will have a negligible contribution from = 2. Therefore we use A four-step procedure will create this state in the quantum register.
Step 1: Begin with |00 , Step 2: Apply X(1) to get |10 , Step 3: Apply R y (2θ, 0) to get cos θ |10 + sin θ |11 ,
Step 4: Apply CR y (− π 2
, 0, 1) to get |ψ .
A calculation of the Hamiltonian's expectation value is plotted in Fig. 3 . Our simple trial state identifies an optimal value for θ that gives a good estimate of the exact ground state eigenvalue. As the plot indicates, many measurements are needed before a precise determination is obtained.
III. A ONE-DIMENSIONAL ARRAY OF PLAQUETTES
To explore the real-time propagation of excitations, we now extend the lattice from a single plaquette to a row of plaquettes. The Hamiltonian is again Eq. (10) and the factor of (2aβ) −1 can again be dropped. Application of Gauss's law and gauge invariance reduces the Hamiltonian to one independent gauge link per plaquette. For example, a row of three plaquettes gives
which is simply three copies of the single-plaquette Hamiltonian plus an extra term for each gauge link that is shared between plaquettes. The operators for each of the three links are given by Eqs. (14) (15) (16) . The extension to any number of plaquettes in a row is straightforward.
For definiteness, choose a row of seven plaquettes described by two qubits per gauge link.
The time evolution of that system can be computed on a 14-qubit register from any chosen initial state. Consider the initial state where the first plaquette begins in its first excited state and all others begin in the ground state. Time evolution will allow us to observe the motion of that excitation in real time. The exact eigenvalues and eigenstates for an individual plaquette can be determined by diagonalizing the appropriate 4×4 truncation of Eq. (13), and that is what will be used to build our initial state.
The upper plot in Fig. 4 shows our results at β 2 = 1, calculated by expressing Eq. (27) in terms of Pauli operators and then using the second-order Trotter formula, Eq. (19), to translate into unitary operators acting on the qubit register. Most calculations were performed on a homemade simulator written in fortran, with some checks carried out in the wavefunction simulators of pyQuil [35] and ProjectQ [36] . The excitation that begins at L 1 moves across the lattice to L 7 and then bounces back. Only a modest dependence on the number of qubits is observed. The small jagged effects in the L 1 and L 2 curves are reminders that neighbouring plaquettes share a gauge link at their boundary, leading to the mixing terms in the Hamiltonian of Eq. (27) . This is no problem, it just means that our chosen initial state reflects the fact that the plaquettes on our lattice do not factorize.
Another consequence is that the seven curves in Fig. 4 do not add exactly to unity, because the probabilities defined by these curves are not exactly mutually exclusive. The deviation from unity is roughly 5 percent and, as must be the case, the sum is larger (not smaller) than unity at all times.
The lower plot in Fig. 4 shows the time evolution of a different initial state. In this case, L 1 and L 7 (at opposite ends of the lattice) both begin in the single-plaquette first excited state while the others (L 2 through L 6 ) begin in the single-plaquette ground state. 
FIG. 6: Same a Fig. 4 but for β 2 = 3 with 2 qubits per gauge link.
IV. A TWO-DIMENSIONAL LATTICE
The model presented in this work is directly applicable to any planar lattice. As was true for a one-dimensional array of plaquettes, Gauss's law ensures that any two-dimensional array of plaquettes has one independent gauge link per plaquette. Consider the example of a 4×4 lattice, which is nine plaquettes in the shape of a square. According to Eq. (10), the Hamiltonian is
After expressing this Hamiltonian in terms of Pauli operators and applying the Trotter formula, Eq. (19), to a chosen initial state, its time evolution is obtained. Fig. 8 shows the case of β 2 = 1 for two qubits per gauge link (giving 18 qubits in total).
The upper plot begins with L 1 in its first excited state and all others in the ground state, so
it corresponds approximately to one excitation beginning in a corner of the lattice. We say "approximately" because L 1 affects the boundaries of neighbouring plaquettes as well. This was an approximation for the row of plaquettes in Sec. III also, but it is more significant now because this square lattice has more boundaries per plaquette than were present in the row of plaquettes. A qualitative interpretation is clear from the graph. The excitation travels
excitations begin in opposing corners
Compare a single excitation (upper plot) to colliding excitations (lower plot). 
V. A THREE-DIMENSIONAL LATTICE
In contrast to the lower-dimensional cases, a cubic spatial lattice will have less than one independent gauge link per plaquette, and that fact is a significant issue for implementation of the model. The smallest example is the 2 3 lattice, which is a single cube and therefore has six plaquettes, but Gauss's law says that only five gauge links are independent. To prevent the magnetic part of the Hamiltonian (i.e. the terms proportional to β 2 ) from ballooning into a huge number of Pauli-operator terms, it is important to choose the independent links in a clever way. Additionally, it is important to choose the independent links in such a way that this cube will fit into a larger lattice. For example, a 2 2 × 3 lattice is two cubes side by side but the number of independent gauge links is 5+4=9, not 5+5=10. From Eq. (10), the Hamiltonian for a single cube is
Ensuring that no β 2 term has a product of more than two L that are ready to serve a neighbouring cube. Now we will write down a different labeling
A choice for the five independent gauge links within an elementary cube, such that a plane of cubes can be constructed which satisfies Gauss's law. Cubes should not be adjoined to the top or bottom of this cube, but can be adjoined to any of the sides.
for a cube: A final step is to extend the lattice into a 3-dimensional volume. This is necessarily more expensive than for a row or plane of cubes, but there is a recommendation that maintains Gauss's law and requires no more than five L ± i operators in a single β 2 term. This remains true for any size of the lattice volume. The recommendation is to build cube towers of any height following the template in Fig. 13 , where the floor's raising operator is L + 1 and every wall plaquette is a product of one or two L ± i factors. Towers like this can immediately be put side by side to create any lattice volume. The Hamiltonian for the two-cube example in
The template for a lattice tower that can be extended to any height and any depth. It can immediately be adjoined to other towers on all sides to form a lattice of any volume, while maintaining Gauss's law.
Fig. 13 is
To add another cube on top of the tower shown in Fig. 13 , we would define L 10 around the entire 8-link path on the front of the tower, just as L 6 appears in the entire path on the front of the present tower. Similar definitions apply to L 11 , L 12 and L 13 on the other sides of the tower. An ever higher tower requires ever longer paths for the newest gauge links, representing a nonlocality in the Hamiltonian that was not required for a row or plane of plaquettes. U (1) is the simplest gauge theory, and the qubit model presented here is useful even with an aggressive truncation. Therefore this model provides an opportunity to explore many aspects of quantum computation using only a small number of qubits. An interesting next step could be to design initial states that allow excitations to propagate for longer times on planar or 3D lattices. We envision such studies being performed by simulators running on classical computers, as was done in the present work, but perhaps it will not be too long until the model can be implemented directly on quantum computers as well.
